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1 Inertial mass and translational inertia in Newtonian
mechanics
Newtonian mechanics is a theory that describes the dynamics of a particle in inertial
frame of reference. The physical basis of the theory is given by Newton's three laws;
1.
, states that a material body moves inertially, uniformly and rectilinearly (without rotation), if the external forces do not act on it. The equations of free motion
are analytical expressions of this law
Law of Inertia

mI a = 0.

(1)

Here mI - is the mass of a body and a its acceleration.
2.
, states that the acceleration of a body a is directly proportional to
external force F, applied to a body, and inversely proportional to its mass mI . Analytically
this law is written as
mI a = F.
(2)
In equations (1) and (2) the mass mI , that multiplies acceleration a, is called the inertial
mass of a body. It denes the inertial properties of the body - its ability to move inertially
according to equations (1) or to oer resistance to acting of external force according to an
equation (2). If equations (2) describe a freely falling body near the surface of the Earth,
they become
Law of Motion

mI a = mG g,

where mG is gravitation mass of a body.
Galileo, based on the results of experiments, discovered that for freely falling bodies inertial
mass always is equal to the gravitation mass
mI = mG ,
(3)
Since all bodies fall with one and the same acceleration
a = g.

All further experiments with a high accuracy have shown the equality of inertial and gravitational masses.
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In classic mechanics it is considered that the inertial mass of a body is a constant quantity
not dependent of any kinematic or dynamic arguments. This property of inertia mass fullls
the third law of Newtonian mechanics.
3.
, states that during an interaction between bodies
the reaction force F2 is equal to and has the opposite direction to the force of the action F1.
Analytically the third law of Newtonian mechanics is written as follows
Law of equal action and reaction

(4)
In Newtonian mechanics the third law is connected to the law of conservation of momentum
of the center of mass of a mechanical system. For example, upon fully elastic collision of two
particles of mass m1 and m2, (here for simplicity we have omitted the designation of inertial
mass) moving with velocities v1 and v2, the law of conservation of momentum will be written
as
m1 v1 + m2 v2 = m1 v10 + m2 v20 = const,
(5)
where the accent denotes velocities of particles after collision. At the moment of collision of
particles the law of action and reaction (4) is enforced. Since the inertial masses of impacting
particles are constant, we have
F1 = −F2 .

F1 =

d
(m1 v1 )
dt

and

F2 =

d
(m2 v2 ).
dt

Therefore law (4) will be written as
d
(m1 v1 + m2 v2 ) = 0,
dt

whence we get (5). The violation of the law of conservation of momentum in fully elastic
impact uniquely entails the violation of the third law of Newtonian mechanics. Such a violation
should be found in a mechanical system in which the inertial mass is a variable.

2 Rotational inertia in Newton-Euler's mechanics
It is important to notice that in Newtonian mechanics we are limited to the concept
of translational inertia. However it is known, that in nonrelativistic mechanics of solid bodies
there is also a rotational action [1].
Let's imagine a rotating solid body - a gyroscope on which no external forces act. Without
external forces, the gyroscope should move inertially and its six equations of motion will be
written as
dv
mI
= 0,
(6)
dt
J

dω
= 0,
dt

(7)

where mI  inertial mass of gyroscope, J  inertial moment.
The rst of these equations represents analytical expression of a principle of inertia of
Newtonian mechanics. For a solid body this principle is read as follows.
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Translational law of inertia: the center of
mass of a solid body moves rectilinearly and
uniformly if external forces do not act on it.

The equations (7) describe the free rotary movement of the gyroscope - its rotational
inertia, thus the moment of inertia J plays the role of "inertial rotational mass ", i.e. it is
the analog of the inertial mass mI for rotational movement. The moment of inertia of a solid
body J is a constant as its inertial mass mI .
For a deeper understanding of the phenomenon of inertia it is necessary to consider a new
rotational principle (or law) of inertia.
Rotational

law

of

inertia The rotated

solid body will be rotate inertially as long
till the external forces do not act on it.

There is no formulation of this principle in any textbook of mechanics. And this is not an
accident! It is because rotation represents accelerated motion, and when L.Euler formulated
the equations of rotational movement he limited himself to their formal recording and did not
pay attention to their physical sense and the possible introduction of a principle of rotational
inertia in mechanics. Therefore there is a common opinion that the Newton - Euler mechanics
 is simply a consequence of Newtonian mechanics, though in fact quite the contrary. It can
be seen that in Newton-Euler mechanics  there are six coordinates and two velocities:
angular ω and linear v. Angular velocity describes motion in rotational coordinates- Euler's
angles ϕ1, ϕ2, ϕ3, and linear velocity describes motion in translational coordinates x1, x2, x3.
Translational coordinates are holonomic while rotational coordinates are nonholonomic [1],
and their transformations form the rotation group O(3) (transformations of translational
coordinates form group of Galileo-Newton).
The distinct mathematical nature of translational and angular coordinates is also apparent
on a physical level. In fact, inertial rotation is a variety of accelerated motion. Therefore, in
Newton-Euler mechanics  there exists the possibility of accelerated inertia motion.
2.1

Anisotropy of inertial mass in Newton-Euler's mechanics

One of the exotic developments due to the nonholonomicity of rotational coordinates is the
anisotropy of inertial mass of a rotating solid body. Let's imagine that there is a non-rotating
gyroscope in our hand consisting of a disk for which the axis of rotation is xed. Naturally
when rotation is absent, the inertial and gravitational mass of the gyroscope coincide. When
attempting to change the direction of the axis of rotation of such a non-rotating gyroscope
we feel the gyroscope as a usual mass having isotropic properties with respect to rotations in
space.
Now let's cause the gyroscope to rotate and again, holding it in our hand, we try to change
the direction of its axis of rotation. In this case we shall feel that its inertial mass has changed.
The gyroscope, as if a living creature, when turned will try to pull out of your hands. This
means that the inertial mass of a rotating gyroscope is anisotropic with respect to rotation
in space.
Certainly we must admit that the property of a rotating gyroscope to retain the direction
of its axis of rotation in space has been known by everyone for a long time. But it is one thing
to know this property and absolutely another to understand that it is caused by an anisotropy
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of the inertial mass of the gyroscope. The point is that acting by one and the same external
force on two equal gravitation masses, but one of which is an isotropic inertial mass (nonrotating gyroscope), and other is an anisotropic (rotating gyroscope), we will obtain dierent
values of acceleration of its center of mass. Certainly this is contrary to the framework of
Newtonian mechanics.
It is necessary to remark that the majority of researchers believe that the mechanics of
solid body (Newton - Euler mechanics) follows from Newtonian mechanics [3]. However
experiments with gyroscopic systems show that this point of view is erroneous. This is what
the well known specialist on the theory of gyroscopes Ê.Ìàgnus writes about the problem:
" to explain the behavior of a rotating body,one frequently uses an analogy between
the rotary motion of a body and the motion of a material point. However in the theory
of the gyroscope this analogy is rather more harmful, than it is useful, since the area of
its applicability terminates just at the beginning of phenomena that is typically gyroscopic.
According to R.Grammel in this area1, " anisotropy of a solid body generated by its rotation
", has no analog in mechanics of a material point. An impact on a resting material particle
will cause it to begin to move in the direction of the impact momentum. But on the contrary,
it is completely unnecessary that an impact to a resting body will cause it to rotate on its
axis" [4]. Earlier we marked, that a variation of the inertial mass during an elastic impact
involving two (or more) bodies should require a generalization of the law of conservation of
momentum of the center of mass of a system of impacting bodies in Newtonian mechanics.
This theoretical supposition was conrmed for the rst time by the experiments of the Russian
scientist Nicolai Vladimirovich Filatov.

3 N.V.Filatov's experiments on elastic impact of
rotating gyroscopes with usual mass
Preliminary experiments showing the validity of these statements were performed in
the late 1960's -õ by N.V.Filatov -the senior lecturer of the faculty of theoretical mechanics
at the Tver polytechnic institute [2].
In N.V.Filatov's experiments the elastic collision of rotating gyroscopes with conventional
mass was investigated. The gyroscopes and a conventional mass were installed on carriages
(see g. 1). The rotation of gyroscopes occurs in opposite directions with an identical angular
rate, thus providing a zero total moment to the system. Short protruding pins were xed to
the rim of each gyroscopes to eliminate slipping at the time of collision of gyroscopes with
massive body. In addition, the gyroscopes were mounted in Cardan suspensions and could
precess after elastic collision. The experiment was recorded on lm with a speed 2000 frames
per second and then was subjected to processing to determine the velocity of the center of
mass of the system before and after collision.The outcome of a large number of experiments
was as follows: when after the impact the gyroscopes began to precess, the center of mass of
the system was observed to have changed its velocity.
N.V.Filatov gives the following formula for the change of velocity of the center of mass [2]
1 An

expert in the theory of gyroscopes who wrote the book " Gyroscope, its theory and applications", ò.
1. ò. 2, SLIME, Ì., 1952, (the author's comment.).
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Figure 1: Impact of two rotating gyroscopes with a conventional mass: a) - outboard prole
view before impact; b) - plan view after impact
−vc0 = vc +

Jωω 0 τ m1
,
h(m1 + m2 )2

where vc0 and vc  velocities of center of mass of a system after and before impact; h  the
arm of impact causing a precession; ω0  angular velocity of precession; ω  angular velocity
of rotation m2  mass of carriage with gyroscopes; m1  mass of carriage with buer; J 
gyroscopes momentum of inertia; τ  impact time.
The formula obtained by Filatov demonstrates, that the usual law of conservation of
momentum of the center of mass for the given isolated mechanical system applies only in
that specic case, where gyroscopic precession is absent.The results of some experiments are
shown in tab. 1. In this table vc and n1  velocities of the center of mass of a system in
m/s and revolutions per minute of gyroscopes before impact. Their values after impact are
indicated accordingly as vc0 and n2. From the data given it is obvious that after impact, the
velocity of center of mass of the system has changed.
From Filatov's experiments it follows, that if inertial forces act inside a system, the theorem
of Newtonian mechanics concerning the impossibility of an impulse to change the center of
mass of an isolated mechanical system due to the operation of internal forces is over turned.
These forces do not satisfy to the theorems because: à) Newton's third law does not apply to
inertia forces [5] and á) Inertia forces appear to be simultaneously both internal and external
with respect to the isolated mechanical system. The inertial forces arise during the rotation
and are generated by elds of inertia (torsion elds). They are connected with torsion of
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Table 1:
Buer Mass m1, m2
Metal m1 = m2
"
"
Metal 2m1 = m2
Rubber
"
Metal m1 = 2m2
"
”
Rubber
”

vc

-0,196
-0,31
-0,0208
0,23
0,233
0,402
0,446

n1

1093
1000
1253
1078
1153
922
840

n2

272
231
263
253
82
87
50

vc0

-0,326
-0,16
-0,167
0,154
0,0532
0,181
0,196

the geometry of absolute parallelism [1]. A space with a geometry of absolute parallelism is
generally inhomogeneous and is non-isotropic and conservation laws in it have a more general
character and dier from those of Euclidian geometry. Filatov's experiments demonstrate to
us a generalization of the conservation law of linear impulse to space of absolute parallelism.
In the nal accounting in these experiments at the moment of impact there is an interaction
of inertial forces of various character, connected to translational and rotational acceleration.

4 Force of inertia and anisotropy of inertial mass of a
rotating gyroscope
The reason of appearance of an anisotropy in the inertial mass of a rotating body is
connected to action on its innitesimal parts of several inertial forces of the dierent nature. A
reference frame that is rotating with a body is accelerated and as experiments demonstrate,the
inertial forces operate in such an accelerated reference frame. In classic mechanics four types
of inertial forces are known:
- Centrifugal force of inertia ;
- Force of the Coriolis;

F1 = −mI [ω[ωr]]
F2 = −2mI [ωv]
F3 = −mI [ω̇r]

- Inertial force connected with rotational acceleration;
F4 = −mI W

- Translational force of inertia.
The rst three forces are caused by the rotation of a material body expressed in terms of
a change spatial angles. The fourth force is caused by rotation in the time-space plane, i.e.
it is connected to the four-dimensional nature of space of events [1].
The forces of inertia have the following properties:
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Figure 2: à) - the box moves uniformly and rectilinearly; â) - the box moves with constant
acceleration W
1) They do not satisfy Newton's third law because it is not known on which part the forces
apply [5];
2) In an accelerated system internal forces " behave simultaneously as "external" and
"internal" (see g. 2) 2;
3) Inertial forces have a eld nature and arise in each part of an accelerated moving body.
From denition of inertial forces which are given above, two types of inertia follow:
It = W

- translational eld of inertia (analogous to an electrical eld in electrodynamics) and
Ir = ω

- rotational eld of inertia (analogous to a magnetic eld in electrodynamics).
These properties of inertial forces are called an anisotropy of inertial mass of a body when
rotating and as a result of this, some theorems of Newtonian mechanics are violated, for
example the theorem of conservation of impulse of the center of mass of an isolated system
(Filatov's experiments ).
In g. 3 it is easily seen, that when we try to change the direction of rotational axis of a
gyroscope by some external force Fe, there appears as a consequence,the forces of the moment
of inertia opposing to change. Operating by one and the same external force on a rotating
gyroscope, but at various angles to the rotational axis,we shall receive dierent results. This
fact is convincing demonstration of an anisotropy in the inertial mass of a rotating body.

5 How L.Euler should have described rotational motion
First of all it was necessary to solve the problem of the structure of the geometry of space
of events, which is generated by three-dimensional rotational motion3.
2 the

Pendulums xed to an internal and external wall of a box are inclined on one and the same angle α.
This demonstrates, that the translational force of inertia −mW operates simultaneously and identically on
internal and external walls of a box.
3 that L.Euler did not do this, as explained below, does not at all detract his accomplishments in theoretical
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Figure 3: Resistance to an external force Fe to change a direction of a rotation axis is caused
by the operation of centrifugal force of inertia
When describing rotation, in addition to translational coordinates x1, x2, x3, L.Euler wrote
equations (7) involving angular coordinates ϕ1, ϕ2, ϕ3, - so called Euler's angles, thus he
and his followers continue to think that the space of events in classic mechanics has not
changed by the introduction of rotary motion, i.e. that it remained three-dimensional space
of Euclid. Actually it was necessary to consider a six-dimensional manifold of coordinates
x1 , x2 , x3 , ϕ1 , ϕ2 , ϕ3 , which is convenient to present as bre bundle 4 with the base formed
by translational coordinates x1, x2, x3 (let it be Cartesian coordinates) and bre, specied at
each point xa (a = 1, 2, 3) by three orthonormalized reference vectors (triad)
eA ,
A = 1, 2, 3,
(8)
where A labels the numbers of the triad.
According to Euler's theorem innitesimal rotations around the three axes, formed by the
reference vectors (8) is equivalent to one rotation about an angle dχχ around a denite axis
passing through the origin of the axes O. It is possible to represent an innitesimal rotation
(as opposed to nite rotation) by an innitesimal vector
dχ = dχeχ ,

where the vector eχ is directed along the instantaneous axis of rotation of the reference vectors.
This direction is selected so that, if one looks from the end of vector eχ at the xed point O,
a rotation is made counter-clockwise (right hand reference system). An innitesimal change
in the reference vectors eA upon rotation dχ has the form
deA = [dχeA ].
(9)
physics for all the time. As it will be seen from a further account, the works Frenet, Ricci, Riemann, Einstein
etc. explorers were indispensable for an adequate analysis of rotary movement, before there was a genuine
understanding of a problem.
4 Term " a bre bundle gravitational segregation" is accepted in mathematics.
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If we divide (9) by ds, we shall get
(10)

dχ
deA
=[
eA ] = [ω , eA ],
ds
ds

where ω = dχ/ds  three-dimensional angular rate of rotation of the triad with respect to
the instantaneous axis. Using triad indices, we have the following conditions of orthogonality
(

a)

eAα eαB

b)

eAα eβA

=

δ AB

=

(

=

δαβ

(11)

1 A=B
,
0 A=
6 B

=

1 α=β
,
0 α=
6 β

A, B... = 1, 2, 3,

α, δ, β = 1, 2, 3,

where α, δ, β...  vector indices and A, B...  triad indices. Now formulas (9) and (10) can
be written as
β
deAα = dχβα eAβ or dχβα = T αγ
dxγ ,
(12)
where we have dened

dχβα A
deAα
=
e
ds
ds β

deAα
dxγ A
= T βαγ
e ,
ds
ds β

or

(13)

(14)
The quantities (14) were rst dened by G.Ricci [9] and since then they have been called
Ricci rotation coecients.
Using the orthogonality conditions (11) and the rule of transforming to local indexes is
α
T αβγ = eαA eAβ,γ = −eA
β e A,γ ,

,γ =

∂
.
∂xγ

T ABγ = eAα T αβγ eβB ,

Let's rewrite equations (13) in local indexes
deAα
= TA
ds

dxγ B
e .
Bγ
ds α

(15)

Now let's chose vectors e1, e2 and e3 so that they coincide with Frenet's vectors [8] and thus
the vector e1 satises the conditions
dxγ
= eγ (1)
ds

eγ(1) e(1)
γ = 1 .

Then the equations (15) become the well known Frenet's equations [8],
de1
= κ(s)e2 ,
ds
de2
= −κ(s)e1 + χ(s)e3 ,
ds
de3
= −χ(s)e2 ,
ds
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in which curvature k(s) and torsion χ(s) of a curve are dened by
κ(s) = T

(1)

dxγ
= T (1)
(2)γ
ds

,

(2)(1)

χ(s) = T

(2)

dxγ
= T (2)
(3)γ
ds

(3)(1)

.

(16)

From the equations (16) it is clear that the curvature and torsion in Frenet's equations
may be expressed by the Ricci rotation coecients ( 14).
The Ricci rotation coecients enter into the connection of the space of absolute parallelism
[1] and have antisymmetric on the two lower indexes
T α [βγ] = −Ω..α
βγ ,
1 α A
A
Ω..α
βγ = − eA (e β,γ − e γ,β ),
2

which is reasonable to call Ricci torsion.
5.1

(17)

Frenet's curves as geodesic of the geometry of absolute
parallelism

We note that the curvature and torsion of Frenet's curve would be more correctly called
the rst and second torsion, as they are both expressed through components of Ricci torsion
(17).
Up to this point we have used Cartesian translational coordinates. Now let's pass from
Cartesian coordinates to arbitrary curvilinear coordinates. In the general case when we have
arbitrary curvilinear translational coordinates, the metrical tensor of space is represented in
the following form
0

g αβ = ηAB eAα ebβ ,

ηAB = η AB = diag(1, 1, 1),

and translational interval as
(18)
In arbitrary translational coordinates the full connection of the space of absolute parallelism will be written as [1]
0

ds2 =g αβ dxα dxβ = ηAB eAα ebβ dxα dxβ .

∆αβγ = Γα βγ + T α βγ = eαA eAβ,γ ,

where
 Christoel's symbols,

Γα βγ =

1 0
g
2

0
αη g

(

0

βη,γ

0

+ g γη,β − g βγ,η )

(19)

(20)
 the Ricci rotation coecients, and Ω..α
βγ is dened according to (17). This tensor is distinct
from zero when nonholonomic angular coordinates ϕ1, ϕ2, ϕ3 appear in the description of
dynamics of rotational motion.
0 αη 0
g

g
T α βγ = −Ω..α
βγ +

(
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0

βρ

..ρ
g
Ω..ρ
ηγ + γρ Ωηβ )

Now equality (12) will be written as follows
(21)

dχβα = ∆αβγ dxγ ,

where quantities

(22)
represent the local connection of ane space. Like any connection, it has a non-tensor law of
transformation with respect to transformations of translational coordinates
α
∆αβγ = eαA eAβ,γ = −eA
β e A,γ .

0

γ0

∆

β 0 α0

0

∂xα ∂xβ ∂xγ γ
∂ 2 xγ ∂xγ
=
+ α0 β 0
∆ βα .
∂xα0 ∂xβ 0 ∂xγ
∂x ∂x ∂xγ

If we form the curvature tensor with the help of connection (22) then it appears to be
equal to zero [1]
ρ
S αβγη = 2∆α β[η,γ] + 2∆α ρ[γ ∆|β|η] = 0.

By the denition a space with zero curvature tensor is called a space of absolute parallelism,
and the relation (22) determines the connection of the space of absolute parallelism.
A particular case of a space of absolute parallelism is ordinary Euclidean space. Really,
from the formula (21) it is clear, that when the rotation is absent (dχαβ = 0, dxγ 6= 0), the
connection ∆αβγ becomes zero thus the space of absolute parallelism becomes Euclidean. If
the Ricci torsion of the space of absolute parallelism is nonzero, then there is a second metric
(the Killing - Cartan's metric)
dτ 2 = dχαβ dχβα = T αβγ T βαφ dxγ dxφ ,

which describes innitesimal three-dimensional rotations. If this metric didn't exist there
could be no real rotations.
Frenet's equations are equivalent to the geodesic equations of rst kind of
the geometry of absolute parallelism.
Statement 1.

β
γ
β
γ
d2 xα
α dx dx
α dx dx
=
−Γ
−
T
.
βγ
βγ
ds2
ds ds
ds ds
Proof.

a)

(23)

In arbitrary coordinates the equation (13) will be written as

deA
dxγ A
dxγ A
α
= Γβαγ
e β + T βαγ
e ,
ds
ds
ds β

or

b)

deαA
dxγ β α dxγ β
= −Γαβγ
e T
e ,
ds
ds A βγ ds A

(24)

Since in Frenet's equations the vector eα (1) = dxα/ds, substituting this relation into
equations (24), we obtain the geodesic equations (23).
Thus the description of rotation in a three-dimensional space of translational coordinates
requires us to introduce a six-dimensional ber space of events dened the structure of the
geometry of absolute parallelism, which in the general case has zero curvature and non-zero
torsion. If we decide to give a eld description of inertial forces, it is necessary to consider
a ten-dimensional space of events [1] (four translational coordinates and six rotational) with
the structure of a geometry of absolute parallelism.
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6 Field description of inertial mass, elds and force of
inertia
The equivalence of inertial and gravitational masses can not be described exactly so long as
both these types of masses do not have a eld description. In Einstein's theory of gravitation,
gravitational mass mG of a spherically-symmetric source is dened through its gravitational
eld Γi jk according to the relation
c2 Z
mG = −
(−g)1/2 g 0n Γα0n dSα ,
4πG
n, i, j... = 0, 1, 2, 3,

α, β, γ... = 1, 2, 3,

where g and g0n - determinant and components of the metric tensor of the Schwarzschild's
solution and Γα0n the gravitational eld created by mass mG. A similar denition of inertial
mass mI in Einstein's theory is absent because in this theory inertial mass is dened through
the right hand side of the Einstein's equations, i.e. through the energy-momentum tensor of
matter, which is given phenomenologically and there is no eld nature.
It became possible to determine inertial mass through elds of inertia only after the
completely geometrized Einstein's equations (B.1) were found as a set of vacuum equations
[1] 5.
∇[k eaj] + T i[kj] eai = 0,
1
Rjm − gjm R = νTjm ,
2
i
i
C jkm + 2∇[k T ,|j|m] + 2T is[k T s,|j|m] = −νJ ijkm ,
i, j, k... = 0, 1, 2, 3,

(A)
(B.1)
(B.2)

a, b, c... = 0, 1, 2, 3

with geometrized sources
2
1
Tjm = − {(∇[i T i|j|m] + T is[i T s|j|m] ) gjm g pn (∇[i T i|p|n] + T is[i T s|p|n] )},
ν
2
1
Jijkm = 2g[k(i Tj)m] − T gi[m gk]j .
3
Tjm permit to dene the density of matter ρ through the torsion elds

Tensor
following formula

ρ=

using the

1
1
2
T = 2 g jm Tjm = 2 g jm (∇[i T i|j|m] + T is[i T s|j|m] ).
2
c
c
νc

Through this density the inertial mass is dened as
mI (t) =

Z

(−g)1/2 ρdV

5 From

the mathematical point of view the vacuum equations (A) − (B) represent structural equations of
the Cartan of geometry of absolute parallelism.
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or [1]
mI (t) =

So far as

n

o
2 Z
1/2
jm
i
i
s
(−g)
g
∇
T
+
T
T
dV
[i
|j|m]
s[i
|j|m]
νc2

(25)

i
Tjk
= eia ∇j eak ,

then in common case the density of matter is a function of 10 variables
ρ = ρ(xi , ei a ).

After integration by the three-dimensional coordinates we obtain the dependence of the inertial mass from 6 angular variables and time
mI = mI (ei a , t).

It's the most common denition of inertial mass. Choosing
1

ei0 = ui = dxi /ds and ui = ( q

1−

v 2 /c2

v
, q
),
c 1 − v 2 /c2

where v = dx/dt - three-dimensional velocity of tetrad's origin. For mechanical system the
velocity v coincides with the velocity of center of mass.
In nonrelativistic case we receive
mI = mI (φ, v, t).

This expression is conditional. It means, that in common case in nonrelativistic approximation the inertial mass depends on three-dimensional angles φ, three-dimensional velocity
v of the center of mass and time t. Using the conservation law
we obtain the equations of motion

d(mI v)
= 0,
dt

mI

dv
dmI
= −v
.
dt
dt

(A)

The similar equation is known in the theory of rotational motion. Let's write the conservation
law of rotational motion as
d(Jω)
= 0,
dt

where J = J(x, t) - variable inertial moment. This equation will be written as The analogy
of equations (A) and (B) is evidence. However the obvious form of values depends on the
concrete design of mechanical system. That's why in common case the principle of equivalence
between inertial and gravitational mass don't full. If it takes place in nonrelativistic case
it's necessary to extend the laws of classical mechanics. From these equations it follows that
inertial mass of a body is dened through the eld of inertia T ijk (torsion eld) according to
the formula [1]
n

o
2 Z
i
s
mI (t) = 2 (−g)1/2 g jm ∇[i T|j|m]
+ T is[i T|j|m]
dV
νc
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(26)

and generally depends on time. Therefore, in general case, the principle of equivalence between
inertial and gravitational masses is violated. If this occurs in the nonrelativistic case, it is
necessary for us to expand the laws of classic mechanics.
The torsion elds T ijk are dened through the torsion of the geometry of absolute parallelism which itself is dened by rotation of matter. We can make the following observation
about the nature of inertia of a massive body. Since as all bodies consist of particles of a
matter having a spin, a body at rest can be represented as a collection of microgyroscopes
with a xed direction of pivot centers in space and time. When applying an external force
to a body we are trying to change the attitude of the pivot centers of these microgyroscopes,
and outwardly it is perceived by us as inertia of the body. In other words,the nature of inertia
is connected to an anisotropy of rotary motion of the particles of which it is formed. By
changing the rotation of particles inside a body we can change its inertial mass and make it
to move in a manner unlike that which is described by Newtonian mechanics.

7 Connection of elds of inertia with torsion elds
In order to show connection of elds of inertia with torsion elds, it is necessary to use 10
equations of motion of matter in the theory of physical vacuum [1]
j
k
j
k
d2 xi
i dx dx
i dx dx
+
Γ
+
T
= 0,
jk
jk
ds2
ds ds
ds ds

(27)

k
dei a
dxk
i j dx
+ Γijk ej a
+ Tjk
ea
= 0.
ds
ds
ds

(28)
Four equations (27) describe translational motion of bodies and generalized equations of
motion of the theory of a gravitation of Einstein, as contain additional force
i
mI Tjk

dxj dxk
.
ds ds

(29)

Six equations (28) describe rotation motion of bodies. They represent generalizations of
Frenet's equations and are missing in Einstein's general theory, since in Einstein's theory
rotational coordinates [1] are absent. In equations (28) the six independent components of
nonholonomic tetrads ei a play the role of rotational coordinates. To prove the statement that
torsion elds are connected to elds of inertia we shall nd a solution of vacuum equations
(À)- (Â) with a Riemann metric of the Schwarzschild type. Using this solution it is possible to
show, that the nonrelativistic approximation to the equations of motion (27) can be written
as [1]
2 α
mI

where

dx
= −mG c2 Γα00 + mI T α00 ,
dt2
α = 1, 2, 3,

Γα00 = −M Gxα /r3 ,
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T α00 = M Gxα /r3 ,

and M - mass of a source of a gravitational eld. Comparing these equations with the
equations of classic mechanics in an accompanying reference frame we obtain
F αG = −mG c2 Γα00 = mG M Gxα /r3

which represents a gravitational force created by a gravitational eld
Γα00 = −M Gxα /r3 ,

and
FIα = −mI W α = −mI c2 T α00 = −mI M Gxα /r3

there is a force of inertia created by a eld of inertia

T α00 = M Gxα /r3 .

These forces compensate one another, constructing a locally weightlessness. The last relationship demonstrates, that torsion and the eld of inertia are the same. Using the denition
of inertial mass (25), it is possible to show, that for the source eld in our case the principle
of equivalence of masses [1] applies
MI = MG .

Another proof of the connection of the torsion eld with the eld of inertia can be obtained
by writing the equations of motion (27) for the case when gravitational eld is absent. In the
nonrelativistic approximation
mI

dxγ
dxβ dxγ
dvα
= −mI cTα(oγ)
− 2mI Tα(βγ)
dt
dt
dso dt

(30)

Compare these equations with the equations of motion of an accelerated particle through the
origin O of an accelerated reference frame and moving under inertial forces[1]
dxβ
d
mI (vα ) = mI −Wαo + 2ωαβ
dt
dt

Here

!

.

Fα(4) = −mI Wαo

- translational force of inertia,

Fα(2) = −2mI ωβα

Coriolis force

dxβ
dt

W = (W10 , W20 , W30 ),

- translational acceleration-up (or "angular rate" of rotation in time-space areas),


ωαβ = −ωβα



0 −ω3
ω2
0 −ω1 
= −
 ω3
,
−ω2
ω1
0
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(31)

- tensor of four-dimensional angular rate of rotation
Comparing equations of motion (30) and (31), we obtain the following connection between
torsion elds T ijk
dxγ
,
dt
dxγ
= Tα(βγ)
.
dt

(32)

Wαo = cTα(oγ)
ωαo

(33)

and the components of the four-dimensional rotation matrix [1]


Ωij = T kij

dxk
1
= 2
dx
c






0 −W1 −W2 −W3
W1
0
−cω3
cω2 

.
W2
cω3
0
−cω1 
W3 −cω2
cω1
0


Simultaneously this matrix itself represents four-dimensional tensor of a eld of inertia.

8 Connection between translation and rotation
Until now in classic mechanics translation and rotation have been regarded as additive
kind of motions. For example, the total energy of a free rotated solid body is turned out
from kinetic translational energy of the center of mass E = mv2/2 and kinetic rotational
energy H = Jω2/2. Generally, when the mechanical system is not a rigid body the connection
between translation and rotation is reserved. Really, the rotation of a free plastic body is
described by equations of the form
d(Jω)
= 0.
dt

Let now translation take place inside body it lead us to changing moment of inertia J. In this
case rotational equations of motion will be written as
J

dω
dJ
= −ω ,
dt
dt

i.e. the translational motions inside a body have caused changes of angular velocity of rotation
of a body. If we shall look at the formulas (32)and( 33), we shall see that the torsion eld
T ijk just connects angular velocity of rotation with translational velocity. This connection is
a consequence of the following fundamental fact that any substantial rotation generates the
rotational metric [1]
dτ 2 = dχab dχba = T abk T ban dxk dxn = Deai Dei a ,
i, k, n... = 0, 1, 2, 3,

(34)

a, b, c... = 0, 1, 2, 3,

in which one innitesimal rotations
dχba = T ban dxn
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(35)

with innitesimal by translations dxn, and a torsion eld T ban in this connection appears as
intermediary. If now we divide a relation(35) on a translational interval
ds = (gik dxi dxk )1/2 ,

then we shall obtain the connection between a matrix of four-dimensional rotations Ωij and
four-dimensional translational velocity dxk /ds
Ωij =

dχ ij
dxk
Deia a
Deja a
= Tijk
=−
ej=
e .
ds
ds
ds
ds i

(36)

This formula generalized relations (32) and( 33) obtained before.
The formula (36) is interesting since it allows to regard translational and rotational inertia from uniform positions. Besides this fact gives a foundation to suspect, that there are
mechanical systems, which have translation movement at the expense of using of rotational
inertia provided inside the system. The real example of a similar mechanical system is fourdimensional gyroscope, the research of which the consequent calculations are devoted.

9 Lagrangian and energy of free four-dimensional
gyroscope

As four-dimensional gyroscope we shall call a mechanical system, the elements of which
are rotated not only in space but also in time-space areas[1]. The elementary mechanical
system of such type is represented in g. 4.

Figure 4: principal diagram of four-dimensional gyroscope
Lagrangian of a system represented in a g. 4, will be written us6.
6 Sometimes from that fact, that while the derivation of equations of motion of four-dimensional gyroscope
Lagrangian formalism is used one can made the wrong conclusion that we do not go out for frameworks
of classic mechanics Thus it is forgotten that all theories emergent for frameworks of classic mechanics (a
special relativity theory, quantum theory, general theory of relativity etc.) use Lagrangian formalism for the
derivation of the equations
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where velocities
v = ẋ,

(37)

1
1
L = M v 2 + 2mv12 ,
2
2

2
2
v12 = v1x
+ v1y
,

are dened through intervals
x,

v1x = x˙1 = ẋ − rφ̇sinφ

v1y = y˙1 = rφ̇cosφ,

x1 = x2 = x + rcosφ,

y1 = y2 = rsinφ.

Lagrangian (37) can be written in the form
1
L = T = M ẋ2 + m(r2 φ̇2 − 2rẋφ̇ sin φ + ẋ2 ) ,
2

or

1
L = T = (M + 2m)v 2 + mr2 ω 2 − 2mrvω sin φ,
2

(38)

where ω = φ̇.
From these relations ve types of energies of the four-dimensional gyroscope follow:
1) internal energy of translational motion
E=

2) internal energy of rotary motion

(M + 2m)v 2
;
2

W = mr2 ω 2 =

Jω 2
;
2

J = 2mr2

3) internal energy of interaction between translational and rotational motions
H = −2mrvω sin φ ;

4) total internal energy

T = E + W + H = const ,

and also
5) energy of the system of the center of mass (or exterior energy)
Ec =

(M + 2m)vc2
Pc2
=
= const .
2
2(M + 2m)

(39)

It is possible to represent total energy in the form
where

T = Ec + ∆E = const ,
∆E = T − Ec = W (1 − k 2 sin2 φ),

k2 =

2m
.
M + 2m

The kinetic energy of the center of mass can be regarded as the translational energy of the
system, and ∆E as the rotational energy. At fully elastic impact of four-dimensional gyroscope
the total energy of a free gyroscope is always conserved, however kinetic energy and ∆E can
be variable and each of them not be conserved.
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10 Impulses of four-dimensional gyroscope
The projection of full translational impulse of a system to an axis x is founded from relation
C=

∂L
= (M + 2m)ẋ − 2mrφ̇ sin φ.
∂ ẋ

(40)

Let's show, that this impulse coincides with impulse of the center of mass Pc. Really,
coordinate of the center of mass of a system N of bodies is founded from relation
PN

mi xi
.
i=1 mi

xc = Pi=1
N

Using (g. 4), we obtain
xc =

M x + 2m(x + r cos φ)
2mr
= x(t) +
cos φ(t).
M + 2m
M + 2m

(41)

Multiplying this relation on (M+2m) and dierentiating on time, we shall receive
Pc = (M + 2m)x˙c = (M + 2m)ẋ − 2mrφ̇ sin φ,

that coincides with (40). From relation (39) it follows that for free gyroscope condition

(42)

Pc = (M + 2m)x˙c = const.

is satised. From formula (42) it is clear that impulse of the center of mass of fourdimensional gyroscope consists of:
1) translational impulse
P = (M + 2m)ẋ;

2) " rotational impulse "
K = −2mrφ̇ sin φ.

11 Equations of motion of free four-dimensional
gyroscope
11.1

Translational equation of motion

The equations of Lagrange of free four-dimensional gyroscope will be written as
d ∂L
∂L
( )−
=0,
dt ∂ ẋ
∂x
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(I)

d ∂L
∂L
( )−
= 0.
dt ∂ φ̇
∂φ

(II)

Substituting Lagrangian (38) in an equation (I), we shall receive a translational equation of
motion as
(43)
The same equation is obtained if having dierentiated impulse (42) on time and taking
into account that for free gyroscope the impulse of the center of mass is xed, i.e.
(M + 2m)ẍ − 2mrω̇ sin φ − 2mrω 2 cos φ = 0.

(44)
This equation demonstrates, that in a reference frame bounded with the center of mass of
four-dimensional gyroscope, three inertia forces act on the center of mass
1) translational force of inertia
(M + 2m)ẍc = (M + 2m)ẍ − 2mrω̇ sin φ − 2mrω 2 cos φ = 0.

F = (M + 2m)ẍ ;

2) projection to an axis x of centrifugal force of inertia
G = −2mrω 2 cosφ ;

3) projection to an axis x of inertia force caused by rotation acceleration
R = −2mrω̇sinφ .

The sum of all forces acting on the center of mass is equal to zero
S = F + G + R = 0,

Therefore the reference frame bounded with the center of mass is accelerated locally inertial
system of second kind [1].
11.2

Rotational equation of motion

Substituting Lagrangian (38) in an equation (II), we shall get a rotational equation of motion
in the form
2mr2 φ̈ − 2mrẍ sin φ = 0.

(45)

1
ω̇ − ẍ sin φ = 0.
r

(46)

or
Using translational equation (44) we shall nd

ẍ = B(ω̇ sin φ + ω 2 cos φ),
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B = rk 2 .

(47)

Substituting this relation in an equation (46) we have
J ω̇ − Jk 2

sin φ cos φ 2
ω =0,
1 − k 2 sin2 φ

1 − k 2 sin2 φ 6= 0.

(48)

From the other hand from the equation (46) we obtain
1
ω̇ = ẍ sin φ.
r

Substituting this relation in an equation (47) we receive
Bω 2 cos φ
.
ẍ =
1 − k 2 sin2 φ

(49)

12 Solution of rotational equation
So we have rotational equation
ω̇ −

which by substitution of a variable
will be transformed to a form

sin φ cos φ 2
ω = 0,
1/k 2 − sin2 φ
z = sin φ

z
dω
=
dz .
ω
(1/k)2 − z 2

Provided that (1/k)2 > 1 and |z| < 1, this equation is integrated, and we shall nd
1
ln ω = − ln |(1/k)2 − z 2 | + ln c1 ,
2

where c1  constant of integration.
Let's write an equation (50) as

ln

or

(50)

ω
1
= ln q
c1
(1/k)2 − z 2

ω=

dφ
c1
=q
.
dt
(1/k)2 − z 2

(51)

Let at the initial moment t the initial conditions
φ = φ0 ,

ω = ω0

are dened,
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(52)

then

c1
ω0 = √
k 1 − k 2 sin2 φ0

and nally we have a solution for rotation frequency of small masses
√
ω0 1 − k 2 sin2 φ0
ω= √
.
1 − k 2 sin2 φ

(53)

Separating variables in an equation (51) and noticing, that z = sin φ, we shall obtain
1q
1 − k 2 sin2 φdφ = c1 dt .
k

Integrating this equation, we have

1
1 Z φq
E(φ, k) =
1 − k 2 sin2 φdφ = c1 t + c2 ,
k
k 0

where c2  constant of integration and E(φ.k)  elliptic integral of the second kind.
Using initial conditions (52), we shall obtain a particular solution of rotational equations
in the form
q
E(φ(t), k) = ω0 t 1 − k 2 sin2 φ + E(φ0 , k) .
(54)

13 Solution of translational equation
Using relation x1 = x2 = r cos φ(t), we shall rewrite translational equation (43) as
ẍ = −k 2 x¨1 = −B

Integrating twice this equation, we shall have

d2
cos φ(t) .
dt2

x = −B cos φ(t) + c01 t + c02 ,

where c01 and c02  of a constants of integration. Using at the moment t = 0 initial conditions
x = x0 ,

v = v0 , φ = φ0 ,

ω = ω0 ,

we shall receive relation for coordinate of a central mass M
x(t) = A + v0 t − B cos φ(t) ,

and for its velocity
where

v = vc + Bω sin φ,

A = x0 + B cos φ0 = const ,

vc = v0 = Bω0 sin φ0 = const .

(55)

Using relation xc = x(t) + B cos φ(t), we can nd a partiñular solution for coordinate of
the center of mass of four-dimensional gyroscope
xc = A + v0 t .
(56)
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Accordingly the velocity of the center of mass is dened as
vc = Bω0 sin φ0 = const .

(57)

14 The motion of four-dimensional gyroscope under an
external force action
As well as the usual three-dimensional gyroscope, four-dimensional gyroscope has an
anisotropy of inertial mass, which exhibits itself not only in space, but also in time-space
areas. The last kind of an anisotropy of inertia mass is connected with it dependence on
kinematic arguments, that is exhibited in various acceleration of the center of mass of gyroscope when acting on it by one and the same external force. It is an original gyroscopic eect
peculiar to mechanical systems with properties of four-dimensional gyroscope.
The equilibrium of inertia forces acting on the center of mass can be violated if the external
force Fe will act on mass M.
Let's write down the equations of movement free four-dimensional gyroscope as
(M + 2m)ẍ =
J ω̇ =

2mrω 2 cos φ
,
1 − k 2 sin2 φ

Jk 2 ω 2 cos φ sin φ
.
1 − k 2 sin2 φ

before multiplying them on M + 2m è J accordingly. When the external force Fe acts on
four-dimensional gyroscope then the violation of equilibrium of inertia forces in equation (44)
takes place and the equation of motion at the rst point of time will be written as
ẍ = B ω̇ sin φ + Bω 2 cos φ +

Fe
,
(M + 2m)

1
ω̇ − ẍ sin φ = 0.
r

(58)
(59)

Substituting the equation (59) in the equation (58) we'll receive
(M + 2m)ẍ =

2mrω 2 cos φ + Fe
.
1 − k 2 sin2 φ

This equation shows that the external force Fe doesn't act on the center of mass of the fourdimensional gyroscope but simply changes its translational inertia. As far as the gyroscope
possesses the rotational inertia also then a part of energy of external force is spent on the
changing of rotational inertia. Really substituting the equation (58) into the equation (59)we'll
receive
k 2 cosφsinφ 2
Fe
sin φ
ω̇ =
ω
+
.
(60)
1 − k 2 sin2 φ
r(M + 2m) 1 − k 2 sin2 φ
From this equation it follows that the exterior translational force (the direct problem) acted
on gyroscope creates the additional rotational inertia that reduces to change of an angular
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rotation velocity of weights. Let's designate the additional member in a rotational equation
as
a
sin φ
L1
N1 =
,
(61)
=
2
r 1 − k 2 sin φ
2mr2
where L1 - internal moment created by acting of an external force. Expressing this moment
through an external force we nd
L1 = BFe

sin φ
.
1 − k 2 sin2 φ

(62)

If we, for example, shall select an external force in the form
Fe =

L
sin φ,
r

(63)

then the moment acted on an axis of rotation will be written as
L1 = Lk 2

sin2 φ
.
1 − k 2 sin2 φ

(64)

Thus, at a rst approximation equations of motion of four-dimensional gyroscope under acting
on it by an external force will be written as
(M + 2m)ẍ =

2mrω 2 cos φ
Fe
+
,
2
2
1 − k sin φ 1 − k 2 sin2 φ

(65)

Jk 2 ω 2 cos φ sin φ
k 2 sinφ
+
F
r
.
e
1 − k 2 sin2 φ
1 − k 2 sin2 φ

(66)
The second of these equations describes reaction in a rotational equation of motion of fourdimensional gyroscope on acting on it by an external force on central mass Ì.
From equations (65) and (66) it is clear that the part of operation (or energy) of external
force is spent to change the angular rotation of small masses. When the small masses are
xed then inertial mass of gyroscope coincides with its gravitational. If the small masses are
free inertial mass of gyroscope is dier from gravitational and one and the same force cause
dierent acceleration of the center of mass of four-dimensional gyroscope.
J ω̇ =

15 Generalization of the law of conservation of
momentum for the center of mass at fully elastic
impact of four-dimensional gyroscope about a wall
As far as the action of the external force on a four-measuring gyroscope doesn't submit
to the laws of Newtonian mechanics, then it is necessary to suppose the deection from its
laws in dierent experiments with four-dimensional gyroscope, for example at it's fully elastic
impact about a wall.Three types of impacts are regarded in the theory of collision of two
bodies:
1. The fully elastic central impact at which the sum of linear impulses and the sum of
kinetic energies of collision bodies is conserved.
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2. The fully nonelastic central impact at which the sum of kinetic energies of the bodies
is not conserved and the velocities of bodies after the collision are identical.
3. The fully elastic oblique impact at which part of linear impulse turns into rotational,
thus three conservation laws: a law of conservation of energy, linear and rotational impulses
are used.
In Newtonian theory at the central collision with a wall in the rst case v0 = −v, in the
second case v0 = 0. The third case at central collision is not realized at all.
In Newtonian mechanics the velocities v and v0 (before and after impact )are dened as
the velocities of the center of mass of the body which commits the fully elastic impact. In
the case of the fully elastic impact of the four-dimensional gyroscope it is not so, because in
the fully elastic impact only the translational energy takes place.
Under the fully elastic impact of a four-dimensional gyroscope the fully elastic impact of
its external frame is meant. Otherwise the observer regards the fully elastic impact of" a
black box "  of the four-dimensional gyroscope with a wall.
Probably at the fully elastic impact we must observe the deviation from the Newton's laws
as far as the four-dimensional gyroscope demonstrates us the interaction with the external
force which is not described by Newtonian mechanics.
At such a fully elastic impact the conservation law of energy applies, which for the fourdimensional gyroscope will be written as
T = E 0 + W 0 + H 0 = E + W + H = const,
(67)
and conservation law of translational impulse (but not of impulse of the center of mass Pc)
P = (M + 2m)v 0 = (M + 2m)v = const,
(68)
As soon as time of impact at fully elastic impact is very short, with large degree of accuracy
it is possible to suppose
φ0 = φ = const.
(69)
We shall write a set of equations (67) - (69) in more detail form
1
1
(M + 2m)v 2 + mr2 ω 2 − 2mrvω sin φ = (M + 2m)v 02 + mr2 ω 02 − 2mrv 0 ω sin φ0 ,
2
2
vc + Bωsinφ = vc0 + Bω 0 sinφ0 ,

(70)
(71)

φ0 = φ.

From an equation (71) we shall obtain
vc0 = −vc − B(ω 0 + ω)sinφ

and we shall substitute (71)in (69). After transformations we get
v
v
ω 02 + 2 ω 0 sin φ − ω 2 + 2 ω sin φ = 0.
r
r

The solution of this equation will be written as
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(72)

ω10 = −ω,
v
ω20 = ω − 2 sin φ.
r

Substituting solution (74) in the formula (72), then

(73)
(74)

v
vc0 = −vc − 2B(ω + sinφ)
r

Substituting here and in a solution (74) relation (55) obtained at integrating of equations
of motion
we obtain

v = vc + Bω sin φ,

vc0 = −vc (1 − 2k 2 sin2 φ) − 2Bωsinφ(1 − k 2 sin2 φ),
vc
ω 0 = ω(1 − 2k 2 sin2 φ) − 2sinφ .
r

With substitution of a solution (73) for in an equation (72), we have equalities

(75)
(76)

vc0 = −vc ,
ω 0 = −ω,

which do not remove us for framework of Newtonian mechanics.
Let's multiply an equation (75) on gravitational mass of gyroscope (M + 2m). As a result
we shall get
Pc0 = −Pc (1 − 2k 2 sin2 φ) + 2K(1 − k 2 sin2 φ),
(77)
where
K = −2mrω sin φ

The relation (77) represents itself the new conservation of impulse of the center of mass of a
mechanical system, as accounts rotational impulse K.
Multiplying equation (76) on −2mr sin φ, we have
K 0 = K(1 − 2k 2 sin2 φ) + Pc k 2 sin2 φ.
(78)
Formula (77) demonstrates that at fully elastic impact of four-dimensional gyroscope about
a wall there is generalization of a conservation law
Pc0 = −Pc

of impulse of the center of mass of Newtonian mechanics takes place. Accordingly, in this
case, the third law of Newtonian mechanics is not executed for center of mass.

16 Inertial mass of four-dimensional gyroscope
Using the denition of the coordinates of the center of mass (41) and the equation (65)
we'll receive the acceleration of the center of mass of the four-dimensional gyroscope when
the external force acts in the form
Fe
.
(79)
ẍc =
(M + 2m)(1 − k 2 sin2 φ)
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Then we'll receive the following expression for inertial mass of four-dimensional gyroscope
MI = (M + 2m)(1 − k 2 sin2 φ).
(80)
From this formula it is clear that the inertial mass of four-dimensional gyroscope depends
on angle φ. If the inertial mass of a ordinary gyroscope has space anisotropy, then the mass
(80) is anisotropic in time-space aria. For variable inertial mass the law of conservation of
momentum is written as
d
dt

(MI vc ) = 0,

whence it follows the equations of motion of free four-dimensional gyroscope with variable
inertial mass
d
d
(81)
MI vc = −vc MI .
dt
dt
The experiments on double fully elastic impacts of a four-measuring gyroscope have shown
( while qualitatively), that the velocity of center of mass between impacts does not remain
constant, though at this moment the gyroscope appears to be free7.
In a g. 5 the double absolutely elastic impact four-dimensional gyroscope is represented.
On the upper graph hardly extended on time, coordinate of center of mass xc (at the left at
the beginning of the graph upper line) are represented and coordinate of mass M .
On the lowest graph the acceleration of the center of mass Ac is represented. The rst
impact corresponds to negative acceleration in interval of 1 sec. The second impact to negative
acceleration in region of 1.2 sec. On second from upper graph the angular frequency of rotation
of weights ω is given. From the graph it is clear, that before the rst impact it was equal
to 8.5 rad / sec and after impact has appeared to equal to 13 rad /sec. On the second from
the bottom graph the velocity of the center of mass vc is represented. Before the rst impact
it was equal to 41 sì/sec. After impact it has appeared to equal to 16 sì/sec, instead of 41/sì/såc, as that the Newtonian mechanics requires. But it is interesting, and one can see
that for very short time between impacts (about 0.2 sec) an angular frequency of rotation of
weights changes and also,therefore, velocities of the center of mass. It is possible to explain
this variation by the reduction of the inertial mass (80) when the total energy (38) is constant.
In this case the velocity vc must increase and it can be observed in experiment. Theoretical
results obtained above have been checked on the experimental test bench.

17 Specications of the experimental test bench
In order to conrm the formulas (77) and (78) an experimental test bench was created,which includes:
1. Four-dimensional gyroscope with the measuring equipment, installed on it (g. 6);
2. Metal wall;
3. Horizontal adjustment with ways;
4. Computer;
5. Software for treating results of measuring.
7 More

detailed denition of experiments will be given below.
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Figure 5: Double impact demonstrated quick changing of velocity of the center of mass of a
free gyroscope after the rst impact
6. Computer animation constructed in accordance with the formulas ( 77), (78) and
permit the design and observation on the display of the computer single, double,treble etc.
fully elastic impacts of four-dimensional gyroscope about a wall.
17.1

The electronic equipment of four-dimensional gyroscope

In g. 7 and g. 8 the general equipment of four-dimensional gyroscope is shown. The
lower part 1 and upper part 2 of the body are made from aluminum and are connected by
steel studs 14. On the central shaft 3 the dierential mechanism 5, providing synchronous
rotation of small masses 4 in the dierent directions is situated. A 160 g mass m is supported
by an arm 15 (see g. 8).The collision part of gyroscope is a steel spring 7, which is made
secure (in the case of strong impact) by a steel head 6. On the shaft 3 the circular ruler 8
is xed, from which during its rotation with the help of photodiodes 9 the values of angles φ
are measured. During translational motion of gyroscope the value of coordinate x is recorded
with the help of photodiodes 10, which are xed in the lower part of the frame. The frame
moves translationally on wheels 11, which are rotate freely around its axis on bearings. The
information obtained from photodiodes 9 and 10 amplied and transformed by the electronic
block 13. Weight of the central body M is 850 g. The total weight of the gyroscope M +2m =
28

Figure 6: Four-dimensional gyroscope on the test bench

Figure 7: Foundamental details of four-dimensional gyroscope
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g.

Figure 8: View from above
The rotation of masses is given with the help of the handle 12. It is possible to change
angular velocity of rotation by "resonant" swaying of the frame of a gyroscope along x axis.
17.2

The electronic equipment of a gyroscope

Figure 9: The principal scheme of the block of transformation
During the motion of the four-dimensional gyroscope before and after impact the values
of the angles of the rotation are registered with the help of a circular wheel with markings 8
and photo diodes 9. Simultaneously with the help of photo-diodes the values of coordinate
are recorded. The signals from the photo-diodes 16 and 17 are sent to the ampliers 18 and
19 (g. 9) and then to the analogue digital converter 20 and 21. After conversion the binary
signal is sent to the transmitter 22, which then sends it to the computer 25 (g. 10) for
further calculations. The software program allows monitoring the kinematic parameters of
the four-dimensional gyroscope before and after the impact in real time.
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17.3

The experimental test-bench

Figure 10: The general view of the experimental test-bench
As soon as small masses begin rotation, the four-dimensional gyroscope 24 moves forward
with a certain speed toward metal wall 26. The motion of a gyroscope 24 (see g 10) is
investigated on the horizontal surface 23, veried with precision. At the moment of the
impact with the wall the spring stud 7 (g. 7), secured by the hard stud 6 (g. 7), bounces.

18 The description of experiments
The four-dimensional gyroscope is placed on transport rails with a spring stud directed
toward a solid metal wall. As soon as the small masses receive some angular velocity of
rotation, then gyroscope get the translational velocity so it starts the gyroscope is given a
translational velocity so it starts to move in the direction of the metal wall. When setting
the gyroscope on the transport rails it is necessary to ensure that the measuring ruler have
been placed on horizontal surface between elements of the photo-diodes. This procedure is
necessary to provide the normal measuring of coordinate x.
18.1

Research on the conventional fully elastic impact

The experimental device allows to investigate the conventional fully elastic impact of a
four-dimensional gyroscope. For this purpose it is necessary to lock the small masses to
eliminate their rotation. After that, the gyroscope is given a linear velocity in the direction
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Figure 11: Fully elastic impact of four-dimensional gyroscope which transform translational
inertia to rotational
of the metal wall. During the experiment the measuring equipment is connected. Before
the gyroscope starts its motion in the direction of the wall, it is also necessary to start the
computer program "Murom", which captured data obtained by the measuring equipment,and
on the basis of the data constructs the applicable graphs on the computer monitor screen.
From the obtained graph it is clear, that in the case, when the masses are xed, the
velocity of the center of mass before impact is equal (in absolute value) to the velocity of the
center of mass after impact. In one word, when small masses are xed we can observe that
the conservation law of the center of mass of four-dimensional gyroscope is fullled, i.e.
Pc0 = −Pc .
18.2

Fully elastic impact, demonstrating the transformation of
translational inertia to rotational

For demonstration of this eect it is necessary to arrange small masses under some angle
to a direction of motion. The greatest eect is reached, when the angle is equal to 90o or
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with respect to a direction of motion. After that, it is necessary (slowly accelerating a
gyroscope) to direct it to the wall. The slow acceleration will not allow the small masses to
overcome internal friction forces and they will not begin to rotate before impact. After impact
the small masses have obtained angular velocity of rotation, as the part of translational inertia
passes to rotational one, but thus the velocity of the center of mass is slowed down (see g.
11)
In g. 11 on the upper graph the coordinates of a central body x and center of mass
of a system xc are represented. Before impact the curves are coincide, and after impact the
curve x oscillates around the curve xc. On the next graph the angular frequency of rotation
of masses ω is introduced. From the graph one can see that before impact it is equal to
zero (within the limits of measuring errors), and after impact up it is changed till 10 rad /
sec. Therefore before impact the system had translational inertia and after impact part of
translational inertia has passed into rotational inertia.
The graph of changing of velocity of the center of mass vc is given below. Before impact
this velocity was equal to 50 sm/sec and after impact it has appeared to be equal to -25
sm/sec, i.e. has changed twice in absolute value, that comes out far from possibility of an
experimental error. At last, on the lowermost graph the acceleration of the center of mass Ac
is represented, which looks like splash at the moment of impact (it lasts 0.01 sec) and reaches
quantity about -30 m/s2. Taking into account the experimental error, curves ω and vc are
described by the formulas, obtained earlier ( 75), (76). So far as during the impact the total
energy of a system is conserved the change of velocity of the center of mass in absolute value
after impact is explained by transformation of part of translational energy into an internal
rotational energy.
270o

18.3

Fully elastic impact demonstrating transformation of
rotational inertia into translational inertia

In this case, before directing gyroscope to a wall, it is necessary to impart a rotation to
the small masses. This is best done by a "resonance" method, i.e. swinging a central body
along axis x. After the masses have begun to rotate, it is necessary that the gyroscope receive
some velocity in the direction of a wall so that its impact with a wall will take place. By doing
this procedure several times, it is possible to achieve situation where after impact the angular
velocity of rotation of the masses becomes equal to zero. In g. 12 graphs corresponding to
this case are shown.
Before impact the angular velocity ω come approximately to 11 rad / sec and after impact
it appears to be equal to 2 rad / sec. The reduction of angular velocity of rotation of the
masses leads to an increase in absolute value of velocity of the center of mass vc. From the
graph it is clear that the velocity vc has changed from 20 sm/sec up to -54 sm/sec, i.e. more
than a factor of two in absolute value.
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Figure 12: The general case of fully elastic impact where transformation of rotational and
translational inertia into one another takes place
18.4

The general case of fully elastic impact, where transformation
of rotational and translational inertia into one another take
place

In general case it is possible to observe the simultaneous change of rotational and translational inertia. This means that before and after a fully elastic impact, the angular velocity
of rotation of the masses ω and the velocity of the center of mass vc are nonzero. Graphs
describing this situation are introduced in g. 13.
From the second graph above it is clear that the angular velocity of rotation of the masses
is approximately 10 rad / sec before the impact and -2.5 rad / sec after impact. Thus the
velocity of the center of mass changes from 30 sm/sec up to -60 sm/sec.
In table 1. the comparison of theoretical values of angular velocities and velocities of
the center of mass calculated with the help of formulas (50) and (51) and the same values,
obtained from experiment are given. The measured values of velocity vc0 and ω0 were dened
with an accuracy of ±0.045 m/s and ±1.38 rad /s respectively.
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Figure 13: Fully impact of the four-dimensional gyroscope, where ω and vc are dier from
zero before and after impact
No

Table No1.
φ

ω

0
ωexp

0
ωtheor

vc

0
vcexp

0
vctheor

rad rad/s rad/s rad/s m/s m/s m/s
1 1.12 8.64 0 0.20 0.25 -0.47 -0.46
2 1.32 13.68 0 0.33 0.32 -0.76 -0.68
3 1.25 6.28 0.5 1.09 0.22 -0.5 -0.35
4 1.27 0 -6.28 -7.09 0.36 -0.15 -0.18
5 1.47 0.25 -7.38 -7.47 0.37 -0.13 -0.18
6 1.63 0 -7.1 -9.47 0.46 -0.17 -0.21
The comparison of experimental and theoretical results demonstrates that, within the limit
of accuracy of the experiment, the theoretical predictions and experimental data agree.
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Figure 14: Double elastic impacts of four-dimensional gyroscope

19 Multiple fully elastic impact of four-dimensional
gyroscope
From the formula (75) and (76) it follows, that at fully elastic impact the four-dimensional
gyroscope is able to transform internal rotational energy into translational energy of the center
of mass and vise versa.That is why after the rst impact the gyroscope continues its motion
backwards toward the wall and performs a second, third etc. impacts with the wall. The
multiple impacts will occur until the velocity of the center of mass changes to the opposite
sign and mass M departs from the wall to a distance bigger than B . In our device we observed
double, triple, to a maximum of six impacts, before the gyroscope nally departed from the
wall.
Graphs of double elastic impacts for dierent original angles of impact and dierent velocities of the center of mass are given in g. 14. It is interesting to remark that the velocity
of the center of mass between impacts does not remain constant. On the top of the graph the
coordinates of the center of mass xc (straight lines before impacts) and coordinates of central
body x are marked. The vertical lines indicate the time of impacts. Between vertical lines
the interim between impacts are marked. On the bottom of the graph the angle φ is given
before impact,at the moment of impact and after.
Graphs of triple fully elastic impacts of the four-dimensional gyroscope are introduced in
g. 15.
Here the vertical lines indicate points of time during which the fully elastic impact takes
place and the angles of impact are shown. The time (in sec) between impacts is marked at
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Figure 15: Triple impacts of four-dimensional gyroscope
the top of the graph. The maximum number of impacts which we managed to obtain with
our device was equal to six. Taking into account experimental errors, it was shown that the
formulas (75) and (76) describe these phenomena.

20 Conclusion
In the famous book of À.Pise [6] " Scientic activity and the life of Albert Einstein ", the
writer notes: " In to my opinion the problem of the origin of inertia was and remains the
darkest problem in theory of particles and elds. "
Since Newton's time the force of inertia and the phenomena connected with them have
represented an enigma for physicists. Therefore it is no wonder, that the research on fundamentals of inertia forces in modern theory of eld have allowed us to discover and describe
phenomena unknown to us in modern science.
Theoretical and the experimental research on the four-dimensional gyroscope have lead us
to discover a new conservation law of momentum of the center of mass at fully elastic impact.
This law is written as follows
Pc0 = −Pc (1 − 2k 2 sin2 φ) + 2K(1 − k 2 sin2 φ) = const,

where

K = −2mrω sin φ

- angular momentum of a system. As a consequence of this new law the multiple fully elastic
impacts of the four-dimensional gyroscope demonstrate the possibility of acceleration of the
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center of mass of the gyroscope without acting on it by external forces. The basic equation
of motion in this case contains inertia mass
MI = (M + 2m)[1 − k 2 sin2 φ],

which, generally speaking, can be variable even if no external forces act on gyroscope and
its total energy is conserved. When inertia mass is variable and at the same time the total
energy is conserved, the equation of motion of the center of mass is written as
MI

dvc
dMI
=−
vc .
dt
dt

These equations describe accelerated inertial motion (external forces are absent and the energy
is conserved), that generalizes the law of inertia of Newtonian mechanics. This is possible only
in inhomogeneous and non-isotropic spaces. If we learn to manipulate inertia mass, e.g.by the
angular frequency of internal rotation, it will lead us to the creation of a propulsion system
of an essentially new type, which one can be utilized in all environments: on the surface of
the Earth, on water, underwater, in air and in space. The elementary model of such kind was
created by Vladimir Nikolaevich Tolchin - the genius Russian engineer [7].
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